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Abstract 
Huber, A., Calculation of derived functors via kid-categories, Journal of Pure and Applied 
Algebra 90 (1993) 39-48. 
We show that in nice cases it is possible to calculate the cohomological derived functor by 
using injective resolutions in the Ind-category. 
Introduction 
In principle, derived categories and derived functors as defined by Verdier 
do not need the existence of injective objects. All the same, they still come very 
handy to prove existence of derived functors, Grothendieck spectral sequences 
(derived functor of a composition of functors), or to show that we get the 
same result by calculating the derived functor of a bifunctor in one argument 
or the other. 
Unfortunately, there are interesting categories which definitely do not have 
enough injectives. The first example is the category of finitely generated abelian 
groups. In this case, we can get around the problem by considering the category 
of all abelian groups instead. However, when it comes to the category of mixed 
Hodge structures or finite-dimensional continuous Galois-representations we 
have to find a different solution. 
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It is well known that we can enlarge our category to a category which has 
enough injectives, namely the Ind-category. We are able to prove that in nice 
cases it is possible to calculate the cohomological derived functor by using 
injective resolutions in the larger category (see Theorem 2.6). 
There is a similar result in the context of universal &functors proved by 
Stauffer [7]. I should mention that the idea to this theorem came from a 
remark in Jannsen’s book [6, Appendix C4] where he states it for Ext-groups. 
I am also indebted to Beilinson, from whose papers I learned how to do 
calculations in derived categories. 
Conventions 
For the axioms and notations of derived categories, we refer to [ 5 ] and [ 8 1. 
All functors are covariant and additive. Derived functor will always mean a 
right derived functor. 
A direct system is a filtered small category (Ll , L2 and L3 of [ 1 ] ). Mor- 
phisms in direct systems will be denoted by 5. 
Let A, B and C denote abelian categories. 
1. Ind-categories and their properties 
In this section, we want to define the Ind-category of an abelian noetherian 
category A and study its basic properties. 
Definition 1.1. The Ind-category Ind(d) of d is defined as the category with 
objects all (covariant ) functors 2 : I + A, where I runs through all filtered 
direct systems. 2 will be denoted by (A .). 1 lee, the transition morphisms being 
understood. 
The morphisms in Ind (A) are 
Homhd(d)((&)iEI, (Bj)jeJ) = limlimHOmd(h,Bj). c+ 
i j 
A is a full subcategory of Ind(d) via 
r : A + Ind(d), A t-+ (A)o. 
0 denotes the one-element direct system. 
This definition is due to Grothendieck and Verdier [ 41. 
Remark. All constant objects are in the essential image of r. 
Definition 1.2. A category is noetherian if all objects are noetherian, i.e. any 
increasing sequence of subobjects of any fixed object becomes eventually stable. 
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Remark. Consider a noetherian object A. Let (Ai)iE1 be a direct system of 
subobjects of A ordered by inclusions. Then the system (Ai)iE1 becomes stable. 
It will be seen that Ind-categories have nice properties in the case of noethe- 
rian categories. 
From now on, A is supposed to be noetherian. 
Lemma 1.3. Let A be a noetherian abelian category. If 2 is an object in Ind(d) 
then there is an isomorphism f” : A” + b such that 8 = ( Bi)iEr is an object 
with injective transition maps Bi + Bit for i < i’. 
Proof. Consider 1 = (Ai)iEr. We fix some io E I. For i E I, io 5 i, let 
+i,,i : Ai, --+ Ai be the transition map. 
Let K(i,,<i) = Ker$i,i. (Remember that there might be several morphisms 
io 5 i in I!) Then (K(io<i) )iEz,i>io is a direct system of subobjects of Ai,. As 
Ai, is noetherian, 
l%K(i,<l) =: K(i0) C Aj, 
i>io 
exists in A. In fact, K (io ) = KciO<j(i,)) for j (io ) sufficiently large. 
This construction can be done for any io. Consider the morphism 
f” : (A)&1 + (AilK(i))ieZe 
It is actually an isomorphism in Ind (A). The inverse morphism is given 
by the system of the $ij(i) : Ai/K (i) 4 Aj(i) for i E I. (Well defined as 
$ij(i) (K(i)) = 0.) By construction the transition maps of (Ai/K(i))ie~ are 
injective. [7 
Proposition 1.4 (Stauffer). If A is an abelian category then Ind(d) is an 
abelian category. The functor T is exact. 
Proof. A proof can be found in [7, Theorem 2.21. We give the formulae for 
kernel and cokernel in the noetherian case. Consider a morphism f” : A” + B 
in Ind(d). A = (Ai)iEI and B = (Bj)jGJ can be assumed to have injec- 
tive transition maps. f is represented by a compatible system of morphisms 
J;: : Ai + Bj(i) in A. Let 
Ki = Ker J;:, Cj = l%(Bj n Imf;) C Bj. 
iEZ 
It can be checked immediately that (Ki)iEz = Ker(f) and (Bj/Cj)jeJ = 
Coker(f”). 0 
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Proposition 1.5 (Grothendieck). Let A = (Ai)iEt E Ob(Ind(d) ). Then 
linJ&4i) = a 
I 
in Ind(d). 
Arbitrary filtered) direct limits exist in Ind(d). 
Proof. See [4, 8.51. 0 
Putting Lemma 1.3, and Propositions 1.4 and 1.5 together, we see that 
any object in the Ind-category of a noetherian category is direct limit of its 
noetherian subobjects. An object is noetherian if and only if it is in the essential 
image of r. 
Proposition 1.6. If A is noetherian then filtered direct limits are exact in Ind(d). 
Proof. Filtered direct limits are left exact in general [4, 8.9.1 (d)]. Let Ai + Bi 
for i E I be a direct system of surjective maps in Ind(d). Without loss of 
generality it is a direct system in A. Without loss of generality the transition 
maps of both (Ai)iEr and (Bi)iEl are injective (Use the reduction of Lemma 
1.3 first for Bi, then for Ai, the direct limit remains unchanged.) From the 
explicit calculation of the cokernel in Proposition 1.4, it is clear that the 
induced morphism ( Ai)iEr --+ (Bi)iEr is surjective. 0 
Proposition 1.7 (Stauffer). Let A be a small noetherian and abelian category, 
i.e. there is a set G of objects such that any object of A is isomorphic to an 
object in G. Then Ind(d) has enough injectives. 
Proof. This is also part of [7, Theorem 2.21. We give the proof for the 
convenience of the reader: 
We use Grothendieck’s criterion 1.10.1 in [ 31. By Proposition 1.5 direct 
limits exist in Ind (A). 
G is a set of generators for Ind(d): Consider an object 2 in Ind(d) and 
a proper subobject i? of 2. They are both direct limit of the system of their 
noetherian subobjects. These systems cannot agree as 4 # A”. There is a 
noetherian subobject U of 2 which is not contained in B. By assumption there 
is an isomorphism of some element of G into U. This morphism does not 
factor through B. 0 
Proposition 1.8. Let t? be an abelian category in which all objects are direct limit 
of their noetherian subobjects. (One could call such a category ind-noetherian. ) 
Let A be the full subcategory ofnoetherian objects of t3. It is an abelian category, 
and t3 is equivalent to a full subcategory of Ind(d). 
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Proof. An object B of B can be written as direct limit of its noetherian sub- 
objects. The functor t : B + Ind(d) is defined by assigning the corresponding 
direct system to B. We have to check that this definition works for morphisms 
as well. By the universal property of a direct limit we always have 
Homa(limAi,B) = l@Homs(Ai,B). 
i i 
For noetherian Ai, the functor Homa(Ai, -) commutes with direct limits in 
the second argument. Hence t is well defined and fully faithful. 0 
It turns out that the artificial looking Ind-categories are actually quite com- 
mon. The main example is the category of abelian groups with the noetherian 
subcategory of finitely generated groups. Similar examples are the category of 
quasi-coherent o-sheaves on a noetherian scheme with the subcategory of co- 
herent sheaves, or the category of Ctale torsion sheaves with the subcategory of 
constructible sheaves. In fact, in these examples the subcategory of noetherian 
objects is even small so that Proposition 1.7 guarantees the existence of enough 
injectives. Of course, this fact is well known anyway. 
2. Derived categories and functors 
Now we study the relation between the derived category of A and the 
derived category of its Ind-category. The main result is that we can calculate 
cohomological derived functors on Db(d) by using injective resolutions in 
D+ (Ind(d) ). 
Lemma 2.1 (Key Lemma). Let L be an object of Cb (Ind (A) ) with cohomology 
objects in A. Let C E Ob ( Cb (A) ) be a noetherian subcomplex of L. Then there 
is a factorization of the inclusion as 
C+KfL, 
where K is an object of Cb(d) and f is a quasi-isomorphism. 
Proof. There is no E Z such that L is acyclic for k 2 no and Ck = 0 for k 1 no. 
We put Kk = 0 for k 2 no. For k < no, we define Kk recursively. 
Suppose we have already found noetherian Kk for k 2 n such that 
(i) Ck c Kk c Lk (k 2 n), 
(ii) HkL = HkK (k > n), 
(iii) H”L = Ker(d : K” + K”+‘)/K” n Im(d : L”-’ + L”). 
As K” f~ Im(d : L”-’ + L”) is noetherian, there is noetherian K’ c L”-’ such 
that 
d(K’) = K” nIm(d : L”-’ -+ L”). 
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Hn-‘L is noetherian and the morphism Ker(d : Ln-’ -+ Ln) + Hn-’ L 1, 
surjective. Hence there is noetherian K” c Ker(d : Ln-’ -+ L”) such that 
K” + Hn-’ L remains surjective. Now put 
K”-1 = K’ + K” + Cn-1 c ~“-1. 
It is easy to check that d : K”-’ --+ K” (restriction of d : Ln-’ + L”) is well 
defined and that K”-’ has the properties (i), (ii) and (iii). 0 
Proposition 2.2. If A is a noetherian abelian category then the exact jiinctor 
z : Db(A) + Db(Ind(A)) 
induces an imbedding of Db (A) as a fill subcategory ofDb (Ind (A) ). 
An object of Db (Ind(A) ) is in the essential image of T if and only if its 
cohomology objects are in the essential image of z : A + Ind (A). 
Proof. Using induction on the length of the complexes, it is enough to show 
that 
Ext:,(A,B) = Ext;~,(,&%B) 
for all n E Z and all A, B E Ob (A). For our purposes, Ext” is defined as 
ExtZ,(A,B) := Hom,b(c,(A,B[n]) = limHomKb(c)(A’,B[n]) 
qis/A 
where qis/A is the filtered inverse system of quasi-isomorphisms A’ + A in 
Kb (C ), C = A or C = Ind (A) respectively. (This gives the same notion as 
the Yoneda groups of n-extensions, but we do not need this property here.) 
Hence it is enough to show that the system (qis/A)d is cofinal in the system 
(qis/A)tnd(d) for A E Oh(A). 
Consider a quasi-isomorphism f : L -+ AIO] in Cb(Ind(A)). Without loss 
of generality Lk = 0 for all k > 0 (truncation). As f is a quasi-isomorphism, 
the complex 
0 + L.-n +. -+L’+z(A)+O 
is exact. We apply our key lemma (Lemma 2.1) to this complex and the 
subcomplex C = A [ - 11. We get an exact subcomplex 
O~K-n-t...~K-‘~Ko~z(A)~O 
consisting of noetherian objects. The complex 
O+K-“+...+K-’ +K”iO 
is the resolution of L by noetherian objects, i.e. by objects in A. 0 
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At least in the case that Ind (A) can be identified with an appropriate category 
of sheaves, this result is well known. (See, for example, [2, Chapitre VI, Para- 
graphe 2 ] . ) 
Before going on to derived functors, we want to fix some notation. If F : 
C + B is an additive functor between abelian categories then there are several 
notions of derived functors (cf. Definitions 1.2 and 1.4 in [ 8, Chapitre II, 
Paragraphe 2 ] ) . 
We recall the definition of the cohomological derived functor: 
Definition 2.3 ( Verdier). Let B and C be abelian categories, Q : K?(C) + D?(C) 
the canonical functor (? = 0, + , -, b). 
Let F : C + B be an additive functor. It induces a canonical functor 
F : K? (C ) -+ K(B). This in turn yields the cohomological functor 
H’oF:K?(C)+B. 
The cohomological derived functor of F is a functor 
R°F : D?(C) -+ f? 
together with a transformation of functors 19 : Ho o F + R°F o Q such that the 
following universal property holds: 
If G : D?(C) + B is a cohomological functor and 4’ : Ho o F + G o Q is a 
transformation of functors then there is a unique transformation 5 : R°F + G 
suchthati= (<oQ>oO. 
Note that the universal property and hence R°F depends on the ? in D?(C). 
There are two nice cases in which existence of a derived functor is clear: 
Proposition 2.4 (Verdier). Zf the category C has enough injectives then 
R’F:D+(C)43 
exists and can be computed by injective resolutions. 
Proof. See ThCorkme 2.2 and Corollaire 1 of [ 8, Chapitre II, Paragraphe 21. 0 
Proposition 2.5 (Verdier). Zf C is a small abelian category and B is an abelian 
category in which filtered direct limits exist and are exact, then the cohomological 
derived functor exists and can be computed by 
R’F(C) = 14 Ho o F(-), 
C\qis 
where C\qis is the filtered direct system of quasi-isomorphisms C --+ C’ in 
K? (C ). As C is small, C\qis is a set. 
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Proof. See 2.1 and Remarques 2.2 of [8, Chapitre II, Paragraphe 21. 0 
Remark. Note that an injective resolution of an object of C can be read as the 
direct limit of C\qis in K+ (C). Propositions 2.4 and 2.5 are special instances 
of the existence of iim _c,qis Ho o F (-) in B. 
Let A and A’ be noetherian abelian categories, F : A -+ A’ an additive 
functor. It induces a functor E : Ind (A) + Ind (A' ) by 
P((Ai)i~r) = (F(Ai))icI 
(cf. [4] ). It is obvious that we actually get a functor. It commutes with filtered 
direct limits by Lemma 1.5. We can get any functor G : Ind(d) + Ind (A' ) 
which commutes with direct limits by this construction. It is to functors of 
this type that the following theorem can be applied to. 
Theorem 2.6. Let A be a small noetherian abelian category, t3 an abelian 
category in which filtered direct limits exist and are exact. Consider further an 
additive jiunctor 
F: Ind(d) + D 
which commutes with direct limits. Then the cohomological derived functor 
R”(FIA) : Db(d) ---f B 
can be computed as the restriction of 
R°F : D+(Ind(d)) + f3. 
More explicitly, if we define 
fi : Db(d) + D(B) 
for an object L in Db(d) by F(I) where Z is an injective resolution of L in 
D+ (Ind(d)), then R”(F 1~) = Ho o E. 
Proof. Suppose first that A E Ob Db (A) is concentrated in degree m. By 
Proposition 2.5 and the succeeding remark, we have to consider the morphism 
(*) 14 HOoF(A’) + 1% Ho o F(X). 
(A\qis)Kb(A) Wqis)K+ (hdcAjj 
We have to show that it is an isomorphism. Let s : A + A’ be a quasi- 
isomorphism in Cb (Ind (A) ) . By truncation we can assume that A’k = 0 
for k < m. This makes A a subcomplex of A’. A’ is filtered direct limit in 
Cb (Ind(d) ) of its noetherian subcomplexes. By Lemma 2.1 the system S of 
noetherian subcomplexes which are quasi-isomorphic to A’ is colinal in it. It 
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can be considered as a system of quasi-isomorphisms f : A + Af in Cb(d) 
such that l&f = S. As filtered direct limits commute with cohomology, 
(**) li+(HOOF(Af)) = HO(linJF(Af)) = HOoF( 
fES f@ 
The second equality is calculated in Cb (23). The point is that the system A\qis 
is only filtered as a system of morphisms up to homotopy, whereas S is filtered 
already as a system of morphisms of complexes. 
For the calculation of lim _fES Ho o F (Af ), it does not matter if we consider 
it indexed by a system of proper morphisms or by a system of morphisms up 
to homotopy because Ho maps homotopic morphisms to the same transition 
map. We can now regard S as a subsystem of (A\qis),b(,,. Hence (**) proves 
that (* ) is an isomorphism. 
Using induction on the length of the complex we get the result in general. 0 
Applying the theorem to the cohomological functor Horn, we get back that 
Ext-groups of objects of A can be computed in Ind( A). This was already 
checked in the proof of Proposition 2.2. Note however, that there we com- 
puted Ext as cohomological left derived functor in the first argument, whereas 
Theorem 2.6 applies to the second argument. It is built into the axioms of 
derived categories that they agree. 
Remark. We see that we get actually more than the cohomological derived 
functors. We get functors on the derived category whose cohomology objects 
are the cohomological derived functors. E is the restriction to Db(d) of the 
total derived functor of F on D+ (Ind(d) ). I do not know if E agrees with 
the total derived functor on Db (A) (cf. Definition 1.2 and Remarque 1.6 of 
[ 8, Chapitre II, Paragraphe 21). 
I do not know whether Theorem 2.6 still holds if we drop the condition that 
d is noetherian. The crucial problem is as follows: If A is not noetherian then 
there are subobjects U c A with U E Ob(Ind(d) ), A E Oh(d) but U not in A. 
Even if we are in the nice situation that F is a functor between noetherian 
categories, which we have extended to Ind-categories to calculate the derived 
functor, it is in general not true that the cohomological derived functor maps 
noetherian complexes into the subcategory of complexes with noetherian co- 
homology. 
Remark. All these results can be dualized. We get the same theorem for left 
derived functors on artin categories. The dual notion of the Ind-category is the 
Pro-category [4]. If there is a faithful fibre functor from A to a category of 
vector spaces then the category is both artin and noetherian. 
Contravariant functors can be treated as (R°F )” = Lo (F” ). 
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